We perform numerical simulations of cross-correlation frequency-resolved optical gating with the nonlinearities, optical parametric amplification, and difference-frequency generation for measuring broadband pulses. We show that use of a noncollinear beam geometry that matches the group velocities of the pump, signal, and idler pulses permits use of relatively thick crystals for high gain without significant distortion in the measured trace, yielding bandwidths of ϳ100 nm.
INTRODUCTION
Since the introduction of frequency-resolved optical gating (FROG), [1] [2] [3] there has been tremendous progress in the development of techniques to measure the intensity and phase versus time of ultrashort pulses. Although FROG and its many variations, including cross-correlation FROG (XFROG), 4 allow the measurement of a wide range of pulses, these techniques do not yet have the sensitivity to measure extremely weak ultrashort light pulseswhose measurement would be useful to understand many important fundamental light emission processes. 5 Although linear techniques such as spectral interferometry (SI) are much more sensitive, with demonstrated measurements of zeptojoule pulses on a multishot basis, 6 the drawback is that they require nearly perfect spatial and temporal coherence of the unknown pulse in addition to the necessity of a well-characterized reference pulse whose spectrum spans that of the unknown pulse. As a result, we recently introduced a noninterferometric technique that avoids such restrictive coherence requirements: XFROG, using the nonlinearity of optical parametric amplification (OPA) which improves the sensitivity enough to measure pulses as weak as a 50 aJ. 7 We showed that the phase of the pulse to be measured is not modified by the gating process, making its retrieval quite straightforward by use of a slightly modified XFROG algorithm. This new technique (OPA XFROG) can be considered more sensitive than even SI because the total number of photons involved in our lower-repetition-rate measurement was lower by a factor of 100,000 than the previously demonstrated record of 42 zeptojoules measured with SI.
In our previous work on OPA XFROG, an issue that remained unanswered was the trade-off between accuracy and efficiency. Specifically, the accuracy requirement requires that we minimize the group-delay mismatch (GDM) in the crystal between the two (or three) pulses involved to minimize geometrical smearing of the temporal features of the pulse to be measured, which otherwise would yield inaccurate results. The efficiency requirement, on the other hand, involves maximizing the gain in the nonlinear process. Short crystals yield high accuracy but low efficiency: They typically achieve minimal GDM (GDM is proportional to L, where L is the crystal length) and hence yield high OPA XFROG accuracy, but they also yield minimal gain. Long crystals, on the other hand, yield high efficiency but low accuracy: They yield high gain, but they also tend to have large GDM and thus tend to potentially yield some distortion in the measurement.
A similar problem has cropped up previously, and that is in OPA devices used to efficiently transform pulses from one wavelength to another. In that field, this problem was solved by use of noncollinear OPA (NOPA) [8] [9] [10] beam geometries with a few degrees between the two beams, which yield considerably larger phase-matching bandwidths or, equivalently, much smaller GDM. Clearly, the NOPA concept will also provide a useful approach for OPA XFROG measurements. The OPA XFROG problem, however, is somewhat different from that of NOPAs for efficient wavelength conversion. While efficiency is the predominant goal in NOPAs, whose only requirement on the generated pulse is that it have approximately the same duration as the input pump pulse, our requirement is much more stringent: We require that the intensity and phase of this pulse be such that it can be accurately modeled and, in particular, we would prefer it to have the ideal form:
where E͑t͒ is the unknown input pulse; the second factor is the gate function, given by
where E ref ͑t͒ is the reference (pump) pulse and g is the parametric gain coefficient. 7 On the other hand, OPA XFROG has the simplification that it does not involve, or even desire, efficient conversion of the pump pulse energy to the signal. In other words, OPA XFROG, unlike wavelength conversion NOPAs, does not operate in the pump depletion regime. This is a major simplification.
The goal of this paper is therefore to numerically model the OPA XFROG process for typical experimental conditions, synthesizing XFROG traces that are then fed to the XFROG algorithm to check the accuracy of the extracted pulse amplitude and phase profiles. We show that perfect group-velocity matching of the three pulses yields excellent accuracy with large bandwidths in such measurements even in the presence of high gain. We also analyze difference-frequency generation (DFG) XFROG and show that our simple model works just as well for DFG XFROG as it does for OPA XFROG. Our theoretical simulations show that it is possible to retrieve the unknown pulse by making either an OPA measurement or a DFG measurement and applying the suitable XFROG algorithm. Indeed, while it should be possible to develop a complete and precise FROG algorithm for these techniques in the general case, we show that, when group-velocity matching occurs, the simple, ideal expressions for the trace [Eqs. (1) and (2)] work well. Finally, We report an experimental demonstration using a ϳ100 nm wide pulse spectrally filtered from a continuum.
OPA AND DFG XFROG
The OPA or DFG XFROG scans a short, wellcharacterized gate pulse across the unknown signal pulse to parametrically amplify a short portion of it. The output pulses at signal-idler frequencies are spectrally resolved, yielding the typical XFROG traces of spectrum versus time. The expression for a XFROG trace is
͑3͒
We call the process OPA XFROG if the signal trace is analyzed to reconstruct the unknown signal and DFG XFROG if the idler frequency trace is used. The standard FROG algorithm is easily modified to deal with XFROG (both are available commercially) to extract the pulse intensity and phase.
In this section we will discuss a simplified, ideal-case theory of OPA and DFG and a simplified algorithm for OPA and DFG XFROG. We will revisit the theory more rigorously in Section 3. Assuming negligible pump depletion, perfect group-velocity matching, and phase matching, the coupled-wave equations for the generation of both the signal and the idler are
where =2d eff / ͑n OPA OPA ͒ and Ј =2d eff / ͑n DFG DFG ͒. The pulse to be measured experiences exponential gain during the OPA process and its phase is well preserved, shown by Eqs. (1) and (2) .
For DFG XFROG, the electric field is given by
with a gate function of the form
where ref ͑t͒ is the phase of the reference pulse. Unlike OPA XFROG, no background is present at large delays in DFG XFROG. The temporal resolution of the OPA-DFG XFROG trace is provided by the short gating pump pulse, so high time resolution requires that the temporal walk-off among the signal pulse, the idler pulse, and the pump pulse be small. This can be accomplished by using short crystals or by matching the group velocities of the three pulses. Groupvelocity matching is preferred because it permits use of long crystals, which increases the parametric gain and thus the sensitivity of the technique. We will show that in some circumstances it is possible to match the effective group velocities of all three pulses by adjusting the crossing angles of the beams while keeping the pulse envelopes parallel. If the group velocities are matched, the fidelity of the method is limited by the group-delay dispersion of the pulses. In Section 3 we numerically simulate the OPA XFROG and DFG XFROG processes to study the influence of group-velocity mismatch and group-delay dispersion on the accuracy of these methods. We note that the strict angle requirements for group-velocity matching make it difficult to adapt OPA XFROG to angle-dispersed single-shot geometries. 
THEORY
In this section we will investigate the theory of OPA and DFG more rigorously. We derive a set of equations to describe the parametric mixing process of three temporally structured waves that propagate at different angles.
We define our fields in terms of a carrier frequency j (j = s, i, and p refers to the signal, idler, and pump, respectively) by
Under the slowly varying amplitude approximation, with pulse envelopes normal to z, the three-wave parametric mixing equations for the collinear case are
where d eff is the effective nonlinearity and n j is the effective refractive index. ⌬k = k p − k s − k i is the phase mismatch and V j is the group velocity. For noncollinear parametric mixing, diagrammed in Fig. 1 , the three beams are tilted. The group-velocity and the group-delay dispersion factors will be modified 14 by this tilt. We define the modified group-velocity and groupdelay dispersion as the apparent group-velocity and apparent group-delay dispersion indicated by V g and D :
Here V g is the group velocity along the direction of the k vector of the pulse's carrier wave and GVD is the ordinary group-velocity dispersion. is the slant angle of the pulse front relative to the normal to the z axis. ␣ is the tilt angle of the propagation vector, assumed to lie in the same plane as the birefringent walk-off . The above apparent group-delay dispersion is slightly different from the equation in Ref. 14 because we are using a more accurate coefficient for the diffraction. Instead of using 1 / ͑2k͒, we now use A
15
:
Substituting the above expressions into Eqs. (9)- (11) we then have the wave equations for the noncollinear parametric mixing:
where
Here ñ j is the effective refractive index, defined by
This modification of the refractive index emerges for beams tilted by ␣ with respect to the z axis. 16 It is reasonable to expect that the requirements for the highest accuracy are that the three pulses remain perfectly overlapped in time as they travel through the crystal. Smith 14 has demonstrated that it is possible to achieve exact group-velocity matching of all three pulses by use of a combination of pulse-front tilt (prisms and gratings can induce the appropriate pulse-front tilt 17 ) and noncollinear phase matching. Possible crystals and angles can be calculated using the nonlinear optical software SNLO 18 GVM function. For example, for 390-600 nm, 1114.3 nm crystals ␤-barium borate (BBO), KABO, KBBF, and lithiumtriborate can all provide near-perfect group-velocity matching. Among these crystals BBO has the highest nonlinear coefficient and is our choice. For a type I parametric process, we find the crossing angle between the pump and the signal beams that permits the group-velocity-matched mixing to be 7.15°using SNLO. 18 No pulse-front tilt is needed for the pump pulse. This idealized case is shown in Fig. 2 . (For convenience, we align k p along ẑ.) The temporal structure within the signal pulse is assumed to be parallel to the pump envelope.
We integrate the mixing equations, Eqs. (15)- (18), for each of a range of values of delay between the signal pulse and the pump pulse to synthesize an XFROG trace. The 600 nm signal pulse is 850 fs long, and the 390 nm pump pulse is 120 fs long. The input energies of the signal and pump pulses are 5 fJ and 8 J/pulse, respectively. Fig. 1 . Apparent group velocity ͑V g ͒ of a slanted pulse. The propagation vector is tilted by ␣ relative to the z axis, and V g is the group velocity of an unslanted pulse. The birefringent walkoff angle is , and is the slant angle of the pulse front relative to the normal to the z axis.
We assume Gaussian temporal input intensity profiles for our pulses. The fluences are 1.103ϫ 10 −11 and 7.845 ϫ 10 −3 J/cm 2 for the signal and pump, respectively. We also assume that the phase-matching conditions are satisfied exactly for the central frequency, or carrier waves of the pulses. In all the calculations we use d eff = 1.8 pm/ V. The number of time steps is 512 and the number of z steps is 30. We use a split-step, fast-Fourier-transform method to integrate the equations, ignoring any transverse structure of the waves. We investigate the effect of different crystal thicknesses, as well as different beam crossing angles on pulse retrievals using the OPA XFROG algorithm. Our grid size for the FROG trace is 512 by 512 in the spectral and delay dimensions. Unless specified otherwise, we use the above parameters in our calculations. We use a linearly chirped broadband input pulse and a flat-phase pump pulse.
We begin with the idealized case in which all three pulses travel at exactly the same group velocity and there is no group-velocity dispersion. The resulting OPA XFROG trace is shown in Fig. 3(a) . The corresponding retrieved trace is shown in Fig. 3(b) using the ideal-case OPA XFROG algorithm, which yields a very low FROG error of 4.339ϫ 10 −5 . Figures 3(c) and 3(d) show the retrieved temporal and spectral pulse intensities and phases compared with the actual pulse temporal and spectral intensities and phases. The agreement is excellent. Both the retrieved and the actual pulses have the same FWHM of 72 nm. Figure 4 shows a typical configuration of our experiment. At the input to the crystal there is a short, strong pump pulse and a weak, longer input pulse. At the output of the crystal, coincident with the pump pulse, there is a strong idler pulse and a strong segment of the signal pulse, plus the weak, unamplified input pulse. We assume that the beams are large and uniform in irradiance in the transverse dimension, so diffraction and transverse irradiance profiles can be ignored in our simulations. We show that we can make the OPA XFROG measurements with little GVM-induced distortion if we cross the pump and the signal at the predicted velocity-matching angle of 7.15°. We simulated the case when using a 2 mm (the effective interacting length could be much less when tightly focused input beams are used) BBO crystal (see Fig. 5 ), including the group-delay dispersion terms. The FWHM of the retrieved signal pulse is estimated to be 63 nm, which is 9 nm narrower than the ideal 72 nm input seed pulse. The peak parametric gain is found in the simulation to be 1.2ϫ 10 7 and no pump depletion is observed. The temporal and spectral phases retrieve quite well. Overall, the retrieved pulse shows a low FROG error of 4.102ϫ 10 −4 . When the crossing angle is 7.15°, the group velocities of the three pulses are nearly equal along the propagation axis (z axis), and the bandwidth narrowing caused by GVM is negligible. The observed narrowing is caused primarily by the apparent GVD of the three pulses of −42.839, 78.854, and −95.553 fm 2 / mm for the signal, idler, and pump, respectively. This GVD narrowing becomes more significant in thicker crystals as illustrated in Fig. 6 where we use a 3 mm long crystal and, to avoid depletion, a reduced pump pulse energy of 2 J and fluence of 1.961 ϫ 10 −3 J/cm 2 . The peak parametric gain is reduced to approximately 1.5ϫ 10 5 . The retrieved signal pulse in the 3 mm crystal has a FWHM of 57 nm compared with 63 nm for the 2 mm crystal. Figure 7 shows the case of a 1 mm thick BBO crystal with a 30 J pump with a fluence of 2.942ϫ 10 −2 J/cm 2 . The peak parametric gain is Fig. 5 . OPA XFROG trace and its retrieval with a 2 mm thick BBO crystal (conventions are the same as in Fig. 3 ). The crossing angle between the pump and the input pulse is 7.15°. The FROG error was 4.102ϫ 10 −4 . Fig. 6 . OPA XFROG trace of the signal and its retrieval with a 3 mm BBO crystal (conventions are the same as in Fig. 3 ). The input energy of the pump is 2 J. The FROG error was 4.254 ϫ 10 −4 . Fig. 7 . OPA XFROG trace and its retrieval with a 1 mm thick BBO crystal (conventions are the same as in Fig. 3 ). The input energy of the pump was 30 J. The FROG error was 2.547 ϫ 10 −4 . Fig. 8 . OPA XFROG trace and its retrieved pulse with collinear beams (␣ s = 0°; conventions are the same as in Fig. 3 ). The FROG error was 5.250ϫ 10 −3 . The retrieved spectral FWHM was 14 nm.
ϳ7 ϫ 10 6 . With this thinner crystal we observe little spectral narrowing. Our OPA XFROG algorithm retrieves the input signal spectral width of 69 nm with a very low error of 2.547ϫ 10 −4 . For each of the crystal lengths, the spectral phase is quite accurately retrieved.
We next tested the importance of group-velocity matching. We expect that a slight temporal walk-off of any of the pulses can distort the amplified signal pulse and the retrieved pulse. Choosing the right crossing angle between the pump pulse and the input pulse is critical. In  Figs. 8-11 we show XFROG traces of the signal and their retrievals with the crossing angles of 0°, 3°, 6.52°, and 10°, respectively, in a 2 mm long crystal.
For the collinear geometry, ␣ s = 0°, we obtain a pulse with only 14 nm of bandwidth after parametric amplification (see Fig. 8 ). When the signal is tilted away from the pump by a small angle of 3°, the signal bandwidth becomes 16 nm (see Fig. 9 ). When the signal and the pump are crossed at 6.52°, the retrieved pulse has a bandwidth of 50 nm (see Fig. 10 ). If we deviate from the ideal crossing angle, 7.15°in the other direction and use 10°instead, the bandwidth also decreases to 14 nm (see Fig. 11 ).
If perfect group-velocity matching is achieved, the limit on crystal length is set by group-delay dispersion that also distorts the amplified pulses if the crystal is longer than the dispersion length of L gdd = 2 /4D where D is the apparent group-delay dispersion, and is the shortest time we want to resolve, normally one half or one fourth of the pump duration.
We now show simulations of DFG XFROG, which also allows the measurement of pulses with gain. We consider the same configurations as for OPA XFROG in a 2 mm type I BBO crystal with a 7.15°crossing angle between the signal and pump, but use the idler pulse to retrieve the input signal pulse. We plot the resulting DFG XFROG traces and corresponding retrieved pulses in Fig. 12 . The retrieved signal spectral width is 63 nm, identical to that retrieved from the corresponding OPA XFROG simulation. The FROG error in this case was 5.922ϫ 10 −4 compared with 4.102ϫ 10 −4 for the OPA XFROG retrieval.
EXPERIMENT
The schematic for our experimental setup for OPA-DFG XFROG is shown in Fig. 13 . Either the signal or the idler pulse can be spectrally resolved to yield an OPA XFROG or DFG XFROG trace. We use a KM Labs Ti: sapphire os- Fig. 9 . OPA XFROG trace and its retrieved pulse with crossing angle ␣ s = 3°(conventions are the same as in Fig. 3 ). The FROG error was 5.844ϫ 10 −3 . The retrieved spectral FWHM was 16 nm. Fig. 10 . OPA XFROG trace and its retrieved pulse with a crossing angle ␣ s = 6.52°(conventions are the same as in Fig. 3 ). The FROG error was 1.500ϫ 10 −3 . The retrieved spectral FWHM was 50 nm. Fig. 11 . OPA XFROG trace and its retrieved pulse with a crossing angle ␣ s = 10°(conventions are the same as in Fig. 3 ). The FROG error was 5.863ϫ 10 −3 . The retrieved spectral FWHM was only 14 nm.
cillator, amplified using a kilohertz-repetition-rate regenerative amplifier to create a strong 800 nm pulse. We characterized this pulse using a Swamp Optics GRE-NOUILLE Model 8-50. The pulse was frequency doubled in a 1 mm thick type I BBO crystal with a deliberately low conversion efficiency of 15%. The fundamental and the second-harmonic pulses were separated using a harmonic separator to form the first component of the OPA XFROG device. In one arm of the XFROG setup, the fundamental pulse was used to generate a white-light continuum (with poor spatial coherence) in a 2 mm thick sapphire plate, which was then spectrally filtered using a combination of BG40 and OG515 filters to yield a slice of the spectrum ϳ60 nm wide centered on 600 nm. This energy of the filtered pulse was 500 pJ but it was attenuated by a factor of 105 using neutral-density filters to yield an ϳ5 fJ pulse. This unknown pulse was focused into the 2 mm thick type I BBO crystal using a 100 mm focallength lens. The spot size at the crystal for the pump and the seed pulses was 265 and 120 m, respectively. The 8.0 J, 400 nm second-harmonic pulse in the other arm of the XFROG device passed through a variable length path to provide the variable gate pulse delay. This pump pulse was focused into the nonlinear crystal separately from the white light using a 75 mm focal-length spherical mirror. The white light and the pump pulse crossed at an internal angle of ϳ6.5°in the BBO crystal. The thickness of the crystal was short enough that the effects of GVM were small compared to the pulse length, permitting use of the simple gate functions described above. This geometry provided ample phase-matching bandwidth to cover the seed pulse bandwidth. The resulting OPA signal at the CCD array was integrated over a few seconds. The OPA signal emerging from the BBO crystal experienced an average gain ͑G͒ of approximately cosh͑8͒ϳ1490 (see Fig. 14) , which, in view of the weak pulses involved, still easily satisfied the condition of negligible pump depletion. This gain was less than predicted by our simulation, but beam alignment, beam quality issues, and beam lateral walkoff probably account for this. The gain bandwidth is not reduced by the limited beam size or walk-off. The observed gain was more than sufficient to record the spectrally dispersed OPA XFROG signal at the camera. The OPA XFROG retrieved pulse had a FROG error of 0.0216. Its duration was approximately 850 fs with a spectral width of 60 nm. The fine structure in the retrieved intensity and spectrum complicated an exact FWHM determination, so we estimated these values from a fitted curve. Although these numbers implied a small amount of distortion due to GVM, in light of our earlier simulations, we chose what we considered a happy medium between high parametric gain and low distortion, where we were still well within the regime where the spectral phase has not been compromised. Geometrical smearing 19 in this measurement was negligible compared to the length of the pulse. The smearing in the longitudinal direction was ϳ32 fs, whereas the transverse smearing was 20 fs. The fine structure observed in the temporal and spectral intensity plots is characteristic of the continuum pulse, rather than an artifact of our experiment or the retrieval algorithm. We routinely observe such previously highly structured broadband continuum pulses from microstructure fibers. 20 Numerical simulations and singleshot measurements of such a continuum also show that the spectrum of such a pulse is highly structured due to higher-order nonlinear processes involved in the generation of white light. 21, 22 In our case, even a single-shot measurement of the white-light spectrum will be unable to measure this highly complex structure, because we have deliberately generated white light from multiple filaments in the white-light source to emulate the spatial incoherence property of fluorescence (to which we anticipate OPA XFROG will be applied) as well as we could. This causes the spectral features to tend to wash out on a single-shot spectral measurement, but FROG measurements are able to see it due to the additional information in the FROG time-and frequency-domain measured traces.
CONCLUSIONS
We have validated by numerical modeling the new variation of the FROG technique, called OPA XFROG, which, along with its cousin DFG XFROG, is the most sensitive technique for ultrashort-light-pulse measurement now available. Unlike interferometric methods, it does not carry prohibitively restrictive requirements, such as perfect mode matching, perfect spatial coherence, highly stable absolute phase, and a same-spectrum reference pulse. We have shown that, while care must be taken to avoid GVM effects in such measurements for femtosecond pulses, this problem can be solved by using appropriate broadband crossed-beam geometries that permits use of relatively thick crystals and high parametric gains. This makes OPA and DFG XFROG powerful tools to measure nonlaser ultrashort light pulses. We previously demonstrated that OPA XFROG can measure the intensity and phase versus time for pulses with only a few attojoules per pulse and with pulse widths of the order of 250 fs; now we have shown that much broader bandwidth pulses can also be measured accurately. By increasing the pump power (despite the limits imposed by competing OPG processes), it should be possible to measure ultraweak pulses of the order of a few hundred zeptojoules (i.e., just a few photons per pulse). DFG XFROG has the same sensitivity and should be ideal to measure light pulses in the infrared, although broadband beam geometries remain to be considered for these wavelengths. More importantly, we believe that it should be possible to use OPA XFROG to measure ultraweak, ultrafast fluorescence from biologically important nonfluorescent media.
